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MS2

MS2: Applications of the Virtual Element Method

The Virtual Element Method is a brand new methodology, related to Mimetic Finite Differences (MFD), to
XFEMS, and more generally to the extension of Finite Elements to polygonal and polyhedral decompositions.
Unlike MFD, they are a natural Galerkin method, and unlike other extensions of FEM they provide the exact
satisfaction of the Patch Test in a number of relevant problems.

The minisymposium would deal with the latest applications of the method, including mixed formulations,
time dependent problems, convection or reaction dominated flows, topology optimization, fractured domains
and possibly several others. The method is quite new, since the first paper appeared in 2013, and rapidly
developing, so that we can expect several important novelties.
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Virtual Element Methods: an overview

L. Beirão da Veiga, F. Brezzi , L.D. Marini, A. Russo
Università di Milano Statale

IUSS Pavia
Università di Pavia

Università di Milano Bicocca

The talk will present a short overview of the Virtual Element Method (VEM) and of the results obtained by
the authors in the last year. The first part of the talk will consist of a simple presentation of the general ideas
that are at the basis of VEM’s, especially suited for those, in the audience, that are not familiar with them.
Taking the (simplest) Poisson problem in two dimensions, we will see the main features of Virtual Elements,
and the general philosophy behind them. Then, in the second part, we shall move, at a swifter pace, through
more advanced features, including three-dimensional problems, variable coefficients, mixed formulations, and
some basic applications to simple problems like linear elasticity and Kirchhoff plates.

A particular effort will be done in trying to underline the strong points of VEM’s as they stand now, and
the aspects that still require an additional work. More generally we will present what are, in our opinion, the
actual limits of the method and what are, always in our opinion, the next achievable goals.

References
[1] B. Ahmed, A. Alsaedi, F. Brezzi, L.D. Marini, A. Russo. Equivalent Projectors for Virtual Element Methods.

Comput. Math. Appl. 66 (2013), 376–391.

[2] P. F. Antonietti, L. Beirão da Veiga, D. Mora, M. Verani: A Stream Virtual Element Formulation of the
Stokes Problem on Polygonal Meshes. SIAM J. Numerical Analysis 52 (2014) 386–404.

[3] L. Beirão da Veiga, F. Brezzi, A. Cangiani, G. Manzini, L.D. Marini, A. Russo. Basic Principles of Virtual
Element Methods. Math. Models Methods Appl. Sci. 23 (2013), 199–214.

[4] L. Beirão da Veiga, F. Brezzi, L.D. Marini. Virtual Elements for linear elasticity problems. SIAM J. Num.
Anal. 51 (2013), 794–812.

[5] L. Beirão da Veiga, F. Brezzi, L.D. Marini, A. Russo. The Hitchhiker’s Guide to the Virtual Element Method.
Math. Models Methods Appl. Sci. 24 (2014) 1541–1573.

[6] L. Beirão da Veiga, F. Brezzi, L.D. Marini, A. Russo. Virtual Element Methods for general second order
elliptic problems on polygonal meshes, submitted.

[7] F. Brezzi, R. S. Falk, L. D. Marini. Basic principles of mixed virtual element methods. ESAIM Math. Model.
Numer. Anal. 48 (2014), 1227–1240.

[8] F. Brezzi, L.D. Marini. Virtual elements for plate bending problems. Comput. Methods Appl. Mech. Engrg.
253 (2013) 455–462.

[9] A. Cangiani, G. Manzini, A. Russo, N. Sukumar. Hourglass stabilization and the virtual element method.
Internat. J. Numer. Methods Engrg. (2015), to appear.
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The Virtual Element Method for large scale Discrete Fracture
Network simulations: fracture-independent mesh generation

M.F. Benedetto, S. Berrone, A. Borio, S. Pieraccini, S. Scialò,
Dipartimento di Scienze Matematiche, Politecnico di Torino

Subsurface fluid flow has applications in a wide range of fields, including e.g. oil/gas recovery, gas storage,
pollutant percolation, water resources monitoring. Underground fluid flow in fractured media is a heterogeneous
multi-scale phenomenon that involves complex geological configurations; a possible approach for modeling the
phenomenon is given by Discrete Fracture Networks (DFNs), which are complex sets of polygonal intersecting
fractures. We focus on the resolution of the steady-state flow in large fracture networks. The quantity of interest
is the hydraulic head in the whole network, which is the sum of pressure and elevation, and is evaluated by means
of the Darcy law. We consider impervious rock matrix and fluid can only flow through fractures and through
fracture intersections (called traces), but no longitudinal flow along the traces is allowed. Matching conditions
need to be added in order to preserve hydraulic head continuity and flux balance at fracture intersections.

Geological fractured media are therefore characterized by a challenging geometrical complexity. This talk
concerns the application of the Virtual Element Method [1, 2] to simulations in DFNs [3], in order to tackle this
geometrical complexity. Indeed, a crucial issue in DFN flow simulations is the need to provide on each fracture
a good quality mesh [4, 5]. Namely, if the mesh on the fractures are required to be conforming to the traces,
and also conforming each other, the meshing process for each fracture is not independent of the others, thus
yielding in practice a quite demanding computational effort for the mesh generation process. In some cases, the
meshing process may even result infeasible.

Here, the VEM will be used in conjunction with a newly conceived PDE-constrained optimization approach
for dealing with DFN simulations without the need of mesh conformity [6, 7, 8], as well in conjunction with
a mortar approach. Indeed, taking advantage from the great flexibility of VEM in allowing the use of rather
general polygonal mesh elements, a suitable mesh for representing the solution can be easily obtained starting
from an arbitrary triangular mesh independently built on each fracture, and independent of the trace disposition.

References
[1] L. Beirão da Veiga, F. Brezzi, A. Cangiani, G. Manzini, L. D. Marini, A. Russo, Basic Principles of Virtual

Element Methods, Mathematical Models and Methods in Applied Sciences, Vol. 23, No. 1 (2013) 199-214.

[2] F. Brezzi, R. S. Falk, L. D. Marini, Basic principles of mixed Virtual Element Methods ESAIM: Mathematical
Modelling and Numerical Analysis, Vol. 48, No. 4, (2014), 1227-1240.

[3] F.M. Benedetto, S. Berrone, S. Pieraccini, S. Scialò, The Virtual Element Method for Discrete Fracture
Network simulations, Comput. Methods Appl. Mech. Engrg. Vol. 280, No. 1, (2014), 135-156.

[4] G. Pichot, J. Erhel, J.R. de Dreuzy A Generalized Mixed Hybrid Mortar Method for Solving Flow in
Stochastic Discrete Fracture Networks, SIAM Journal on Scientific Computing, Vol. 34, No. 1, (2012),
B86-B105.

[5] J.D. Hyman, C.W Gable, S.L. Painter, N. Makedonska, Conforming Delaunay Triangulation of Stochastically
Generated Three Dimensional Discrete Fracture Networks: A Feature Rejection Algorithm for Meshing
Strategy SIAM Journal on Scientific Computing Vol. 36, No. 4 (2014), A1871-A1894.

[6] S. Berrone, S. Pieraccini, S. Scialò, A PDE-constrained optimization formulation for discrete fracture network
flows, SIAM Journal on Scientific Computing, Vol. 35 n. 2, (2013), B487-B510.

[7] S. Berrone, S. Pieraccini, S. Scialò, On simulations of discrete fracture network flows with an optimization-
based extended finite element method, SIAM Journal on Scientific Computing, Vol. 35 n. 2, (2013), A908-
A935.

[8] S. Berrone, S. Pieraccini, S. Scialò, An optimization approach for large scale simulations of discrete fracture
network flows, Journal of Computational Physics, Vol. 256, (2014), 838-853.
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The Plane Wave Virtual Element Method
for the Helmholtz Problem

Ilaria Perugia, Paola Pietra, Alessandro Russo
Faculty of Mathematics, University of Vienna, Vienna, Austria

Istituto di Matematica Applicata e Tecnologie Informatiche “E. Magenes”, CNR, Pavia, Italy
Dipartimento di Matematica e Applicazioni, Università di Milano–Bicocca, Milano, Italy

Concerned with the time-harmonic wave propagation governed by the Helmholtz equation, we present a
novel Galerkin approximation that can deal with general polygonal partitions. Virtual element methods have
been recently introduced [1, 2] as extension of finite elements to general polygonal decompositions for different
classes of definite and semidefinite problems. Here we design and analyse a method for an indefinite problem.

Because of the oscillatory behavior of solutions to the Helmholtz equation, methods that incorporate infor-
mation about the solution in the form of plane waves have received attention in the last years. Our virtual
element method for the Helmholtz problem in two dimensions introduces modulated plane wave basis functions.

References
[1] L. Beirão da Veiga, F. Brezzi, A. Cangiani, G. Manzini, L.D. Marini, A. Russo: Basic principles of Virtual

Element Methods. Math. Models Methods Appl. Sci. 23, (2013), 199–214.

[2] L. Beirão da Veiga, F. Brezzi, L.D. Marini, A. Russo: The hitchhiker guide to the Virtual Element Method.
Math. Models Methods Appl. Sci. 24 (2014), 1541–1573.
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Virtual Element Methods for parabolic problems on polygonal
meshes

Giuseppe Vacca
Dipartimento di Matematica, Università degli Studi di Bari

The Virtual Element Method (in short, VEM) is a recent technology introduced in [2] as a generalization of
the finite element method, that can make use of very general polygonal/polyhedral meshes without the need to
integrate complex non-polynomial functions on the elements and preserving an optimal order of convergence.
Making use of polygonal meshes brings forth a range of advantages, including for instance better domain
meshing capabilities, automatic use of nonconforming grids, more efficient approximation of geometric data
features, more efficient and easier adaptivity, more robustness to mesh deformation.

The main idea behind VEM is to use approximated discrete bilinear forms that require only integration of
polynomials on the (polygonal) element in order to be computed. The ensuing discrete solution is conforming
and the accuracy granted by such discrete bilinear forms turns out to be sufficient to recover the correct order of
convergence. Following such approach, VEM is able to make use of very general polygonal/polyhedral meshes
without the need to integrate complex non-polynomial functions on the elements and without loss of accuracy.
As a consequence, VEM is not restricted to low order converge and can be easily applied to three dimensions
and use non convex (even non simply connected) elements.

The talk describes the Virtual Element Methods for parabolic problems. It is considered as a model problem
the classical time-dependent diffusion equation. The discretization of the problem requires the introduction of
two discrete bilinear forms, one being the approximated grad-grad form of the stationary case [2] and the other
being a discrete counterpart of the L2 scalar product. The latter is built making use of the the enhancements
techniques of [3]. In the talk we develop a full theoretical analysis, first focusing on the error among the semi-
discrete and the continuous problems and later giving an example of error analysis involving the fully discrete
case. A large range of numerical tests in accordance with the theoretical derivations is presented. In particular,
we study also the possibility to use a simpler but non-coercive L2 discrete bilinear form. Since the low modes
are expected to dominate the problem, this choice leads to good results in a lot of situations, as shown by the
numerical tests.

This is a joint work with Lourenço Beirão da Veiga from the University of Milano.

References
[1] G. Vacca, L. Beirão da Veiga. Virtual Element Methods for parabolic problems on polygonal meshes. Sub-

mitted.

[2] L. Beirão da Veiga, F. Brezzi, A. Cangiani, G. Manzini, L. D. Marini, A. Russo. Basic principles of virtual
element methods. Math. Models Methods Appl. Sci. 23 (2013), 199–214.

[3] B. Ahmad, A. Alsaedi, F. Brezzi, L. D. Marini, A. Russo. Equivalent projectors for virtual element methods.
Comput. Math. Appl. 66 (2013), 376–391.
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A C1 virtual element method for the Cahn-Hilliard problem

Paola F. Antonietti1, Lourenco Beirão da Veiga2, Simone Scacchi2, Marco Verani1
1MOX-Dipartimento di Matematica, Politecnico di Milano

2Dipartimento di Matematica, Università degli Studi di Milano

Due to the wide spectrum of applications (e.g. phase separation in binary alloys, tumor growth, galaxy for-
mation, foam formation, solidification processes and image processing) the study of efficient numerical methods
for the approximate solution of Cahn-Hilliard equations has been the object of an intensive research activity.
As the Cahn-Hilliard problem is a fourth order nonlinear equation, a natural numerical approach is to resort
to the use of C1 finite elements. However, the well known difficulties related to the practical implementation
of C1 finite elements have represented so far an important obstruction that has drastically limited their use in
practical applications, thus paving the road to the use of mixed methods (with an increase of the numbers of
degrees of freedom, and thus of the computational cost).

In this talk we introduce and analyze a C1 virtual element method (VEM) for the approximate solution of
the following Cahn-Hilliard problem: find u : Ω× [0, T ]→ R such that:





∂tu−∆
(
φ(u)− γ2∆u(t)

)
= 0 in Ω× [0, T ]

u(·, 0) = u0(·) in Ω

∂nu = ∂n
(
φ(u)− γ2∆u(t)

)
= 0 on ∂Ω× [0, T ],

where ∂n denotes the (outward) normal derivative, the function φ(x) = ψ′(x) with ψ(x) = (1 − x2)2/4 and
γ ∈ R+, 0 < γ << 1, represents the interface parameter. The virtual element method (see, e.g., [2] for
an introduction to the method and [3] for the details of its practical implementation) is characterized by the
capability of dealing with very general polygonal/polyedral meshes and the possibility of easily implementing
highly regular discrete spaces [5, 4]. In the present contribution we develop an evolution of the C1 virtual
elements (of minimal degree) of [4] for the approximation of the Cahn-Hilliard equations. Also taking inspiration
from the enhancement techniques of [1], we define the virtual space in order to be able to compute three different
projection operators, that are used for the construction of the discrete scheme. Afterwards, we show convergence
of the approximation scheme and investigate its performance numerically. We underline that, on our knowledge,
this is the first application of the newborn virtual element technology to a nonlinear problem.

References
[1] B. Ahmed, A. Alsaedi, F. Brezzi, L.D. Marini, A. Russo. Equivalent Projectors for Virtual Element Methods.

Comput. Math. Appl. 66(2013), 376–391.

[2] L. Beirão da Veiga, F. Brezzi, A. Cangiani, G. Manzini, L.D. Marini, A. Russo. Basic Principles of Virtual
Element Methods. Math. Models Methods Appl. Sci. 23(2013), 199–214.

[3] L. Beirão da Veiga, F. Brezzi, L.D. Marini, A. Russo. The Hitchhiker’s Guide to the Virtual Element Method
Math. Models Methods Appl. Sci. 24(2014), 1541–1573.

[4] L. Beirão da Veiga, G. Manzini. A virtual element method with arbitrary regularity. IMA J. Numer. Anal.,
34(2014), 759–78.

[5] F. Brezzi, L.D. Marini. Virtual Element Method for plate bending problems, Comput. Methods Appl. Mech.
Engrg., 253 (2012), 455 –462.
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